Abstract. We consider a region of Minkowski spacetime bounded either by one or by two parallel, infinitely extended plates orthogonal to a spatial direction and a real Klein-Gordon field satisfying Dirichlet boundary conditions. We quantize these two systems within the algebraic approach to quantum field theory using the so-called functional formalism. As a first step we construct a suitable unital * -algebra of observables whose generating functionals are characterized by a labeling space which is at the same time optimal and separating. Subsequently we give a definition for these systems of Hadamard states and we investigate explicit examples. In the case of a single plate, it turns out that one can build algebraic states via a pull-back of those on the whole Minkowski spacetime, moreover inheriting from them the Hadamard property. When we consider instead two plates, algebraic states can be put in correspondence with those on flat spacetime via the so-called method of images, which we translate to the algebraic setting. For a massless scalar field we show that this procedure works perfectly for a large class of quasi-free states including the Poincaré vacuum and KMS states. Eventually we use our results in both systems to introduce the notion of Wick polynomials, showing that a global extended algebra does not exist. Furthermore we construct explicitly the two-point function and the regularized energy density, showing, moreover, that the outcome is consistent with the standard results of the Casimir effect.
Introduction
The success of quantum field theory (QFT) is often and righteously ascribed to the associated description of the matter constituents and of their mutual interactions. Yet one should not forget that QFT has lead to the discovery of several unique phenomena which could be thought as really being the blueprint of the theory. In between these one should certainly include the Casimir effect. Heuristically often depicted as the existence of a non vanishing force between two infinite, parallel and perfectly conducting plates due to the quantum fluctuations of the vacuum, it has been thoroughly studied in the literature. Much has been written about it since the publishing of the seminal papers [Cas48, CP48] and also several confirmations at an experimental level are available. It is a daunting task to give an exhaustive bibliography of all different aspects of the Casimir effect and of all its ramifications in modern physics. We do not even pretend to trying and we limit ourselves in recommending an introduction which complements the content of this paper [Mil01] .
Our goal is instead to fill a partial gap, namely to incorporate the Casimir effect in an axiomatic description of quantum field theory. More precisely we are interested in the so called algebraic approach, a framework first introduced by Haag & Kastler in the sixties -see [HK63] , which divides the quantization of a physical system in two separate steps. The first consists of collecting all observables in a unital * -algebra whose mutual relations encode concepts such as locality and causality as well as information on the dynamics of the system. In the second step, one identifies a quantum state, that is a positive, normalized linear functional on the algebra of observables. Via the renown GNS theorem, one can recover the standard probabilistic interpretation of all quantum theories. The success of the so-called algebraic approach is doubtless, especially since it can be directly applied also to curved backgrounds, under minimal assumptions on the causal structure of the underlying background. In the last two decades, free field theories, interactions at a perturbative level, renormalization, gauge theories as well as concrete applications, e.g., to cosmology, have been investigated and, by now, there are several reviews to which one can refer -two recent ones are [BDH13, HW14] . In between all these steps forward, not much has been written concerning scenarios akin to those considered for the Casimir effect, mostly because the underlying system appears not fit with the standard assumptions taken to apply the algebraic quantization scheme. We will comment more in detail on this issue at a later stage of the paper. Barring this work, one can refer either to not so recent papers, which, though mathematically rigorous, are only marginally related to the algebraic approach [DC78, Kay78] or to preliminary investigations which leave many questions open [Kuh05, Nie09, Som06] . It is especially noteworthy the analysis in [Som06] which associates to a quantum field theory on a region with boundaries the universal algebra generated by the algebras of properly embedded globally hyperbolic subregions. Boundary conditions are take into account via appropriate ideals. Although this is a viable alternative, we shall not focus on it in this paper and we leave a comparison to our methods to future investigations.
Another notable and relevant exception is represented by [Her04, Her05, Her10] although our approach should be seen as parallel and complementary rather than a continuation of these analyses.
Let us now be more specific on the goals of this paper. Although the words "Casimir effect" actually do encompass several rather different systems, we are interested only in two idealized scenarios, namely a real scalar field living in a bounded subset of Minkowski spacetime. The boundary is represented by either one or two parallel, infinitely extended hypersurfaces, orthogonal to a spatial direction. Dynamics is ruled by the Klein-Gordon equation with Dirichlet boundary conditions. The first case is dubbed a Casimir-Polder system, in analogy with [CP48] , the second a Casimir system with reference to [Cas48] . Our choices are merely for simplicity. On the one hand the method could be almost slavishly translated to Neumann or to Robin boundary conditions, although some of the conclusions, that we draw, such as the existence of KMS states, would not necessarily hold true. On the other hand the procedure we use could be similarly adapted to study other fields such as, for example, the vector potential. Yet, we feel that it is safer to start with a theory which does not include any gauge freedom which might complicate the analysis, hence with the risk of turning us from the main purpose of the paper.
We give an answer to two questions concerning specific structural aspects of these systems. The first concerns which is the correct algebra of observables to associate to a free quantum field theory in a confined region such as those considered in a Casimir-Polder or in a Casimir system. It is noteworthy that, in the literature, such problem is often neglected since the attention is focused more on the computation of the expectation value of the regularized stress-energy tensor, which is directly related to the Casimir force and self-energy. At the same time, from an algebraic perspective, the standard procedure calls for associating to a free field theory a * -algebra of observables which is directly constructed out of the underlying dynamics. This procedure relies heavily on the underlying manifold being globally hyperbolic and on finding the smooth solutions to the equation(s) of motion, seen as an initial value problem. This feature is no longer present in the scenarios, that we are investigating. On the one hand, all manifolds that we will consider are with boundary, while, on the other hand, dynamics will be described in terms of a boundary value problem. Hence the usual procedure does not work. Yet, in the spirit of the algebraic approach, it is paramount to give an answer to this question since, ultimately, the control of all possible algebraic states and, consequently, of the physical phenomena described by the theory depends strictly on the structure of all possible observables. In this respect we adapt to the case at hand the so-called functional formalism which has been used successfully in the algebraic framework in the past few years -see for an introduction [BDF09, BF09, FR12] . The net advantage of this procedure is the following: Observables are seen as functionals on a space of kinematical/dynamical configurations and the algebraic structure is obtained by deforming the standard pointwise product so to include the information of the canonical commutation relations. As soon as one wants to deal with interactions at a perturbative level or is interested in the expectation value of quantities such as the stress-energy tensor, Wick polynomials are needed. Although their rigorous construction is known since more than a decade [HW01], the functional formalism allows for an easier identification not only of the polynomials themselves but also of the underlying algebraic structure via an additional deformation of the pointwise product.
An important step in the procedure that we use is related to the identification of a suitable subset of functionals which generate the whole algebra of observables. In this respect we adapt to the case at hand a procedure which was already successfully applied recently to the analysis of Abelian gauge theories [BDS12, BDS13, SDH12] and of linearized gravity [BDM14] : We start by constructing the space of all possible configurations allowed by the underlying dynamics. Both for a Casimir-Polder and for a Casimir system, this consists of associating to each solution of the equation of motion in the bounded region a specific counterpart in the whole Minkowski spacetime. In this way dynamical configurations will be isomorphic to a suitable vector subspace of those for a Klein-Gordon field on a flat spacetime. Subsequently we identify a set of linear functionals on the collection of dynamical configurations which play the role of the above mentioned generators. In order to justify our choice we will argue that there are minimal requirements which need to be met, namely these generating functionals should be a separating and optimal set -see [Ben14] . At this stage the analysis of a Casimir-Polder and of a Casimir system will start to diverge considerably. While in the first case we will show that generators are, up to an isomorphism, a subset of those for a Klein-Gordon field in Minkowski spacetime, in the second, this feature is lost.
The second question to which we wish to give an answer concerns the choice of an algebraic quantum state both for a Casimir and for a Casimir-Polder system. It is nowadays almost universally recognized that physically acceptable states are those of Hadamard form, a condition on the singular structure of the underlying two-point function [Rad96a, Rad96b] . Partly along the same lines followed for linear gauge theories -see e.g. [FePf03, FH12] , we give a definition for Hadamard states which can be applied to a free field theory in a bounded region. In particular we shall call a state Hadamard if the restriction to any globally hyperbolic submanifold of the underlying spacetime of the associated two-point function satisfies the microlocal spectrum condition. Subsequently we investigate explicit examples. Also at this stage, the two systems, that we consider, differ greatly. In the Casimir-Polder one, it turns out that algebraic states can be constructed via pull-back from those in the whole Minkowski spacetime inheriting, moreover, the Hadamard property. In the Casimir one, the situation is far more complicated. Here our main goal is to make contact with the procedures often followed in the standard physics literature, where states are constructed either with the method of Green functions or, exploiting the special geometry of the system, via the method of images -for a preliminary investigation see [Nie09] . The aim especially of the latter is to show that one can construct states for a Casimir system starting directly from those for a Klein-Gordon field on the whole Minkowski spacetime. We stress one additional advantage, which is almost never mentioned: The method of images does not rely on modes and hence on a Fourier transform, being thus a natural candidate to be used for a generalization of our results to curved backgrounds. We investigate how to translate rigorously this procedure in the algebraic framework and we show that, in the case of a massless real scalar field, if we start from the Poincaré vacuum, we obtain a full-fledged Hadamard state for a Casimir system. At the same time we show that we can consider a larger class of states on the whole Minkowski spacetime as starting point. More precisely we give sufficient conditions to identify them and we show that KMS states at finite temperature meet them. As a byproduct, it turns out that the corresponding state for the Casimir system preserves the KMS condition.
The synopsis of the paper is the following: We define notations and conventions in the next subsection. In the second section, instead we focus on a Casimir-Polder system. To start with, we classify all dynamically allowed configurations, constructing out of them the * -algebra of fields and relating it to a subalgebra of the one for a Klein-Gordon field on Minkowski spacetime. Subsequently we give a notion of Hadamard states for a Casimir-Polder system and we show how they are related to those on the whole Minkowski spacetime. Eventually we discuss the notion of Wick polynomials and of Hadamard regularization pointing out the differences with the standard approach. We show how one can recover, starting from the Poincaré vacuum, the usual results for the two-point function and for the regularized energy density. In the third section instead we focus on a Casimir system. Mimicking the same procedure of the second section, first we construct all dynamical configurations and then the unital * -algebra of fields. After giving the notion of Hadamard states, we investigate how to construct them starting from those on the whole Minkowski spacetime. In particular we discuss the method of images and we show that it gives well-defined results if we start either from the Poincaré vacuum or from a KMS state at finite temperature, if we consider a massless Klein-Gordon field. Eventually we compute also in this case the expectation value of the two-point function and of the regularized energy density.
Notations and conventions
Goal of this section is to introduce the notation which will be used throughout the text and to recollect some well-known facts about PDEs on flat spacetime. Although we will be only interested either in Minkowski spacetime or in some of its subregions, we will use a language which is more often used in the algebraic approach to quantum field theory on curved backgrounds. The reason for this choice is based on our belief that such language allows for a more clear analysis of the quantum field theoretical models at the hearth of the Casimir effect.
Throughout this paper we shall always indicate with R 4 Minkowski spacetime, hence thinking of this manifold as endowed with the flat metric η which will be often left understood. We will consider always the standard Cartesian coordinates (t, x, y, z) on R 4 so that η reads as diag(−1, 1, 1, 1). We use x as a short-cut to indicate (t, x, y) and, when needed, we will also write x µ to indicate the µ-component, µ = 0, 1, 2. The remaining coordinate z will play a distinguished role as we will be interested on subsets of R 4 , bounded by one or two planes orthogonal to a spatial direction, which we will choose always as z. Additionally, in Section 3.2 we will be using bold face letters such as x as a short-cut to indicate (x, y, z). From the point of view of quantum field theory, we shall think of R 4 as a special case of a globally hyperbolic spacetime (see [BGP07, Wal84] for the definition). Furthermore we will be interested on the set of functions which are thereon smooth, C ∞ (R 4 ), smooth and compactly supported, C ∞ 0 (R 4 ) or smooth and spacelike compact, C ∞ sc (R 4 ). The latter are those functions whose support, intersected with any Cauchy surface, is compact. Additionally we will need a fourth class of functions, which are not so often used in the literature and whose definition is, thus, here given for completeness: Definition 1.1. We call C ∞ tc (R 4 ) the collection of timelike compact functions, that is those α ∈ C ∞ (R 4 ) such that supp(α) ∩ J − (p) and supp(α) ∩ J + (p) is either compact or empty for all p ∈ R 4 . Here J ± (p) indicate the causal future (+) and the causal past (-) of p ∈ R 4 . This definition plays a crucial role since we will be interested in the set of all smooth solutions of the scalar Klein-Gordon equation on Minkowski spacetime, that is those φ ∈ C ∞ (R 4 ) such that P φ . = ✷ − m 2 φ = 0 where ✷ = η µν ∂ µ ∂ ν is the standard d'Alembert wave operator, here written in Cartesian coordinates. As thoroughly discussed in [BGP07, Bar13] , since P is a normally hyperbolic partial differential operator, there exist two operators E ± : C ∞ tc (R 4 ) → C ∞ (R 4 ), called E + , the advanced and E − , the retarded fundamental solution, such that
• P • E ± and E ± • P are the identity on C ∞ tc (R 4 ),
Starting from E ± we can build the causal propagator E . = E + − E − . It yields an isomorphism of topological vector spaces between
, then we obtain via the causal propagator all smooth and spacelike compact solutions to the equation P φ = 0.
Another key role in our investigation is played by the algebra of observables for the scalar Klein-Gordon field in Minkowski spacetime. Although this is an overkilled topic, we shall recall the basic information succinctly using the functional formalism, which is presented and discussed in detail in [BDF09, BFR12, FR12] . The starting point is the space of kinematical/off-shell configurations C KG (R 4 ) ≡ C ∞ (R 4 ), which is endowed with the compact-open topology. In analogy to the standard approach to classical mechanics for systems with finite degrees of freedom, we consider regular functionals on the collection of kinematically allowed configurations. The concept of regularity can be made precise via the following definition [BFR12] , here adapted to our background geometry: Definition 1.2. Let F : C KG (R 4 ) → C be any functional and let U ⊂ C KG (R 4 ) be an open set. We say that F is differentiable of order k if, for all m = 1, ..., k, the following m-th order (Gâteaux) derivatives exist as jointly continuous maps from U × C KG (R 4 ) ⊗m to C:
Here , denotes the dual pairing and, for each fixed φ ∈ C KG , F (m) [φ] identifies a distribution density of compact support on R 4m . We say that a functional F is
• smooth if it is differentiable at all orders k ∈ N.
• regular if it is smooth, if, for all k ≥ 1 and for all φ ∈ C KG , F (k) [φ] ∈ C ∞ 0 (R 4k ) and if only finitely many functional derivatives do not vanish. We indicate this set as F 0 (R 4 ).
Since the dynamics is ruled by a Green-hyperbolic operator, we can endow F 0 (R 4 ) with the structure of a * -algebra by means of the following product ⋆ :
where F, F ′ ∈ F 0 (R 4 ). Here M stands for the pointwise multiplication, i.e.,
, where E(x, x ′ ) is the integral kernel of the causal propagator associated to P . The exponential in (1) is defined intrinsically in terms of the associated power series and, consequently, we can rewrite the product also as
where the 0-th order is defined as the pointwise multiplication, that is
. The * -operation is complex conjugation, that is, for all F ∈ F 0 (R 4 ) and for all φ ∈ C KG (R 4 ), F * (φ) = F (φ). We call
While from a mathematical point of view it represents a deformation of the * -algebra of regular functionals endowed with the pointwise multiplication, from a physical point of view it describes an off-shell algebra of observables associated to the Klein-Gordon scalar field. Notice the following relevant facts:
• Since regular functionals are such that only a finite number of functional derivatives do not vanish, there is no issue concerning the convergence of (2). Furthermore we can realize A KG (R 4 ) as being generated by functionals of the form
barring a completion needed to account for the fact that
. In this respect smooth and compactly supported functions on Minkowski spacetime represent the labeling space of the off-shell algebra of functionals, building, thus, a bridge towards the more traditional approaches to a covariant quantization of a KleinGordon scalar field.
• Dynamics can be encoded simply restricting functionals to S(R 4 ), a vector subspace of C KG (R 4 ) made of dynamically allowed configurations. As a by-product, F 0 (R 4 ) contains redundant functionals, that is those F ∈ F 0 (R 4 ) such that F (φ) = 0 for all φ ∈ S(R 4 ). At the level of A KG (R 4 ), this restriction can be implemented considering the quotient between such algebra and the ideal I KG (R 4 ) generated by those functionals of the form (3) with f = P (h), h ∈ C ∞ 0 (R 4 ). Since the product ⋆ descends to the quotient, the result
is again a * -algebra, which we dub also as the on-shell algebra of observables. Its labeling space is constituted by the equivalence classes lying in
and thus A KG on (R 4 ) is * -isomorphic to the algebra of observables built out of the standard approaches, see e.g.
[BDH13] and references therein.
Before concluding this section we introduce a last notation which will be useful in this paper, namely we shall call C ∞ − (R 4 ) the set of all smooth functions on Minkowski spacetime such α(x, z) = −α(x, −z). We will also call the elements lying in this set as odd under reflection along the hyperplane z = 0. Conversely we refer to C ∞ + (R 4 ) as the collection of smooth functions which are even under reflection along the hyperplane z = 0, that is α(x, z) = α(x, −z). Notice the following splitting of vector spaces:
. Furthermore, since the operator P contains only the second derivative along the z-direction, it holds per restriction that P :
2 Algebraic quantum field theory and the Casimir-Polder effect
The first scenario, we are interested in, is often associated in the physics literature to the socalled Casimir-Polder effect [CP48] , which describes originally the interaction between a neutral atom in an electromagnetic cavity and a perfectly conducting wall at a distance d. By using quantum electrodynamics, it has been shown the existence of a non-vanishing attractive force proportional to d −4 which is usually ascribed to a combination of the vacuum energy and of the boundary conditions of the system. From the perspective of quantum field theory, the above scenario can be modeled as follows: From a geometric point of view we consider the following region of Minkowski spacetime, (H 4 , η) where H 4 = R 3 × [0, ∞) is the four dimensional upper half-plane endowed with the Lorentzian flat metric. Notice that, in agreement with the notations introduced in section 1.1, the interval [0, ∞) runs along the spatial direction, whose coordinate we indicate as z.
As a field theoretical model, we consider for simplicity a real scalar field vanishing on the boundary ∂H 4 and whose dynamics is ruled by the Klein-Gordon equation. From now one we shall refer to this setting as a Casimir-Polder system. Our choice is purely based on convenience and any other free field theory, electromagnetism in particular, could be adapted to our approach. Notice that, in this case Dirichlet boundary conditions would have to be replaced by the socalled metallic ones, according to which the components of the electric field along the x-and y-directions and those of the magnetic one along the z-direction should vanish at ∂H 4 . Yet we want to avoid any additional difficulty due to gauge invariance which would become manifest, if not in the construction of the observables for this system, certainly in the identification of a physically acceptable algebraic state. As a starting point we recall a standard definition in analysis, which will play a key role -see for example [Lee00, Chapter 1]:
Notice that the existence of u is guaranteed if and only if u is continuous on the whole O, smooth on the interiorO . = O \ ∂O and each partial derivative of u onO has a continuous extension to ∂O. With this last definition and in full analogy with the standard case of a real scalar field on Minkowski spacetime, we call kinematical configurations the set of all u ∈ C ∞ (H 4 ) where u is a dynamical configuration if it satisfies in addition the following partial differential equation and boundary condition:
where R is the scalar curvature. Although at a dynamical level introducing a non minimal coupling to scalar curvature on Minkowski spacetime or on any of its subsets is moot, being R = 0, it has a consequence on the form of the stress-energy tensor which is proportional to the variation of the Lagrangian with respect to the metric. Consequently, for this quantity, which we will use at the end of this section, the value of ξ plays a key role. The characterization of all possible dynamical configurations for the system at hand is not an easy task. On the one hand H 4 is not a globally hyperbolic spacetime on its own and, thus, one cannot associate to P a causal propagator as outlined in section 1.1 for Minkowski spacetime. On the other hand, since (4) represents a boundary value problem and not an initial value problem for P , the standard arguments and conclusions concerning Cauchy problems, such as existence and uniqueness of the solutions, do not apply. The strategy, that we follow to overcome this hurdle, consists of identifying all dynamical configurations of a Casimir-Polder system with a specific counterpart for a Klein-Gordon field on the whole Minkowski spacetime. In this way we will be able to translate to this scenario most of the results available for the algebraic formulation of quantum field theory. Our analysis which will involve the remainder of the section can be divided in three parts and it will follow conceptually the one outlined for the Klein-Gordon scalar field on the whole Minkowski spacetime. In the first one we shall characterize all configurations which are dynamically allowed by (4). In the second part we will use the functional formalism in order to build an off-shell algebra of (polynomial) observables while, in the third one, we consider the on-shell counterpart and we study its structural properties.
Before starting, it is worth emphasizing that the central theme is to look for a realization of the algebra of observables for a Casimir-Polder system which thus takes into account the boundary conditions and which must coincide with the counterpart for a Klein-Gordon field when both are restricted to globally hyperbolic submanifolds of H 4 . The advantage of such line of thought shall become manifest in the next section when we will investigate algebraic states.
Part 1 -Dynamical configurations: Bearing in mind the notation introduced in section 1.1, it holds the following: Proposition 2.2. Let S CP be the collection of all u ∈ C ∞ (H 4 ) fulfilling (4). Then there exists a vector space isomorphism between S CP and the quotient of vector spaces
Proof. Let us consider any u ∈ C ∞ (H 4 ) fulfilling (4) and the auxiliary function
.
To show it, it suffices to control the behaviour of the function at ∂H 4 = R 3 × {0}. Since u(x, 0) = 0 then φ is continuous at ∂H 4 . Let us consider now the first order partial derivatives: Continuity at ∂H 4 is guaranteed along any of the x-directions since u(x, 0) = 0 whereas that along the z-direction descends from the fact that φ is odd along the z-directions and thus ∂ z φ is even. A similar string of reasoning can be applied slavishly to the second derivative 1 barring for that along the z-direction for which we have first to recall that
. Consequently since u vanishes on ∂H 4 , so does ∂ 2 z u. Reiterating the procedure to all orders yields in combination with Schwarz theorem the sought result. Furthermore, since u is a solution of (4), it holds that P φ = 0. Consequently, in view of our discussion in section 1.1, there exists α ∈ C ∞ tc (R 4 ) such that φ = E(α) where E is the causal propagator of P . Notice that, per construction, φ is an odd function and, thus, φ(x, z) + φ(x, −z) = 0. The map ι z : R 4 → R 4 for which (x, z) → (x, −z) is an isometry of Minkowski spacetime and, on account of the structural properties of the causal propagator for the Klein-Gordon operator, ι z • E = E • ι z . Consequently, E(α) + ι z E(α) = E(α + ι z α) = 0, which is tantamount to the existence of ρ ∈ C ∞ tc,+ (R 4 ), for which α + ι z α = P ρ. If we add the information that E • P = 0 and that
, we have built a linear map which associates to each u ∈ S CP (H 4 ), an equivalence class
, which, in turn, is isomorphic to
Notice that this map is per construction injective as, if u = 0, then φ = 0 and, thus we can write φ = E(α) with α ∈ P C ∞ tc,− (R 4 ) . To prove that it is also surjective, let us consider
. Then the function u = E(α)| H 4 is per construction smooth on H 4 and u(x, 0) = 0 since α is odd. Since P extends trivially to an operator to the whole Minkowski spacetime and P • E = 0, it holds that P u = 0 on H 4 , which entails the statement of the proposition.
Notice that we can provide a useful and complementary realization of S CP by leaving unchanged the covariant space of initial data, while modifying instead the causal propagator. The following corollary makes precise this statement:
Corollary 2.3. The vector space S CP can be realized as the image of C ∞ tc (R 4 ) under the action of the modified causal propagator:
where E is the causal propagator of P on the whole Minkowski spacetime.
Proof. It suffices to show that E H 4 maps indeed
into S CP , as surjectivity would be a consequence of Proposition 2.2. Consider thus
and let α be any of its representatives. This is a legitimate operation since, for any
where we used both that E • P = 0 and that, since ι z is an isometry of Minkowski spacetime,
which is a smooth solution of the Klein-Gordon equation, odd per reflection along the hyperplane ∂H 4 . Hence E H 4 (α) ∈ S CP .
Part 2 -The off-shell algebra: Following the example given in Section 1.1, we define a space of kinematical/off-shell configurations for a Casimir-Polder system. Remark 1. The most natural choice would be
Additionally we would like to build, if possible, a relation with C KG (R 4 ), the counterpart on the whole Minkowski spacetime. A natural candidate would be the map
where the numerical pre-factor is a normalization. Notice that the map η is neither injective nor surjective. Although C KG (R 4 ) comes endowed with the open-compact topology and we can thus associate to C CP (H 4 ) the direct image topology, there is a severe problem looming at the horizon. If we introduce regular functionals following Definition 1.2, we cannot associate to them an algebra structure via a deformed star-product encompassing the information on the dynamics compatibly with the boundary condition via (5). As a matter of fact, although per definition, for every element f ∈ C ∞ 0 (H 4 ) there must exist a function f ∈ C ∞ 0 (R 4 ) whose restriction to H 4 coincides with f , such function is not unique and there is no obvious prescription to select coherently one for all elements in C ∞ 0 (H 4 ). In view of this remark we follow a rather direct strategy to bypass the problem justifying a posteriori our choice: Definition 2.4. We call space of kinematical/off-shell configurations for a Casimir-Polder system
where η is the map defined in (6). Since C CP (H 4 ) ⊂ C CP (H 4 ) and since η is per construction surjective thereon, we endow C CP (H 4 ) with the quotient topology. In complete analogy we shall also consider C CP 0 (H 4 ) where the subscript 0 stands for compact support.
Notice that a first justification to this definition comes from Proposition 2.2 since it entails that S CP ⊂ C CP (H 4 ), which, in other words, guarantees that we are not excluding a priori any dynamical configuration. The next step consists of adapting first Definition 1.2 to the present setting and then of introducing a suitable notion of ⋆-product.
Definition 2.5. Let F : C CP (H 4 ) → C be any smooth functional. We call it regular if, besides, for all k ≥ 1 and for all u ∈ C CP (H 4 ),
and if only finitely many functional derivatives do not vanish. We indicate this set as F 0 (H 4 ).
Let us consider the following map:
Here M stands for the pointwise multiplication, i.e.,
,
where E H 4 (x, x ′ ) is the integral kernel of (5). The exponential in (7) is defined intrinsically in terms of the associated power series and, consequently, we can rewrite the product also as
where the 0-th order is defined as the pointwise multiplication, that is (8) is well-defined, since only finitely many functional derivatives are not vanishing and since C CP 0 (H 4 ) lies in the domain of definition of E H 4 . As a matter of facts,
). Yet, since we know that there must exist
Definition 2.6. We call A CP (H 4 ) ≡ F 0 (H 4 ), ⋆ H 4 the off-shell * -algebra of a Casimir-Polder system endowed with complex conjugation as * -operation.
Remark 2. Notice that, in complete analogy with A KG (R 4 ), we can see A CP (H 4 ) as being generated by the functionals F h (u) =
and where η is defined in (6) while u ∈ C CP (H 4 ).
A few comments on the last definition are in due course. The term extensible might look obscure at this stage, but it will become more clear in the next section when we will show that one can construct Wick polynomials only starting from A CP ext (H 4 ). Another interesting aspect concerns the labeling space for the generating functionals of A CP ext (H 4 ) and A CP (H 4 ). While, for the former it is spelled out explicitly in the definition as C ∞ 0 (H 4 ), for the latter, it is implicitly given as the image of (6) acting on C ∞ 0 (R 4 ). Per direct inspection one can realize that the resulting vector space is isomorphic to C ∞ 0,− (R 4 ). To conclude this step we want to investigate the relation between the algebras of Remark 2 and the counterparts on the whole Minkowski spacetime. We divide our analysis in two parts, yielding respectively a comparison at a global and at a local level. The first can be codified in the following statement:
Proposition 2.7. Let η * : A CP (H 4 ) → A KG (R 4 ) be the pull-back map constructed out of (6) and unambiguously defined via its action on the generators as η * (F h )(φ) . = F h (η(φ)) for every φ ∈ C KG (R 4 ) and for every h ∈ η C ∞ 0 (R 4 ) . This is an injective * -homomorphism of algebras which becomes an isomorphism on A KG − (R 4 ), the * -subalgebra of A KG (R 4 ) generated by functionals of the form (3) with f ∈ C ∞ 0,− (R 4 ).
Proof. Notice that, per definition of the spaces of regular functionals on R 4 and H 4 for a KleinGordon scalar field, the map η * is continuous. Furthermore it is also injective. As a matter of fact, working only at the level of generators, suppose that there exists F h ∈ A CP (H 4 ) such that η * (F h ) is the vanishing functional. It would entail the following chain of identities: For all
Since φ is arbitrary, the only possible solution is g = 0 and, thus h = 0, which entails the sought injectivity. In order to prove that η * is also an homomorphism it suffices to focus on the generators. As a starting point notice that, for any h ∈ η C ∞ 0 (R 4 ) and for any φ ∈ C KG (R 4 ), η * (F h )(φ) can also be written as
where, with a slight abuse of notation, we used ι z :
. Then, on account of (2) the following holds true:
where, besides (5), we used that the reflection along the hyperplane z = 0 is an isometry of the Minkowski metric. Since the * -operation is complex conjugation, it is left untouched by all the above operations and, as a consequence, we can infer that η * is a * -homomorphism. To prove the last part of the proposition, we consider any f ∈ C ∞ 0,− (R 4 ) and we notice that, for any φ ∈ C KG (R 4 ) it holds that
where we used that f | H 4 = η(f ). This entails that η * is surjective on the generators of A KG − (R 4 ), which is tantamount to proving that η * is an isomorphism thereon.
The next steps is aimed at investigating a local version of Proposition 2.7. More precisely the difference between A CP (H 4 ) and A KG (R 4 ) can be ascribed to the difference between the geometries of the underlying backgrounds. Yet, in the spirit of algebraic quantum field theory, where the stress is laid on local observables and measurements, one might wonder what happens if one considers a globally hyperbolic submanifold of both H 4 and R 4 . In view of local covariance one would expect a priori that the local algebras should not be able to distinguish the global structure of the background, but the recent experience with gauge theories teaches us that such conclusion might be hasty -see for example [BDS13, SDH12] . To solve this quandary, it suffices to consider a generic globally hyperbolic submanifold O ⊂ H 4 . Actually, the following statement holds true:
Proposition 2.8. Let O be any globally hyperbolic region strictly contained in H 4 . There exists a trival
That isomorphism is implemented by the identity map.
Proof. If we bear in mind that, for both A KG (O) and A CP (O), the restriction to a subregion is tantamount to considering only the algebra generated by those functionals whose labeling space is C ∞ 0 (O), the identity map represents an isomorphism of topological vector spaces. Since the * -operation is complex conjugation, which is not affected by the identity map, to conclude the proof, it suffices to exhibit the following chain of identities: Let f, f ′ ∈ C ∞ 0 (O) and let F f and F f ′ be the associated generators in A CP (O), then, for any u ∈ C CP (H 4 )
The last equality descends from
is causally disjoint from O and E yields a vanishing contribution when evaluated on two test functions supported in causally disjoint regions.
Notice that the map η * of Proposition 2.7 restricted to A KG (O) coincides with the identity which implements the isomorphism of this last proposition.
Part 3 -The on-shell algebra: To conclude our investigation on the algebra of observables for a Casimir-Polder system, we should bear in mind that A CP (H 4 ) as per Remark 2 is an off-shell algebra. We want to investigate how it should be modified if we restrict the allowed configurations from C CP (H 4 ) to S CP . As outlined in Section 1.1, this entails that several functionals become redundant as they are automatically vanishing when evaluated on any u ∈ S CP . This calls for the identification and for the elimination of these observables via a suitable quotient. To this end, let us start with a useful lemma:
Lemma 2.9. There exists a vector space isomorphism between
. The same results holds true replacing the timelike compact with the compact support.
, the following isomorphisms descend both from the generic properties of vector spaces and of C ∞ ± (R 4 ) :
Since, in this reasoning, no information on the support has been used, the same results hold true replacing tc with 0.
In view both of this lemma, of the inclusion
and of the isomorphism between S CP and
of Proposition 2.2, we can consider the following class of functionals:
Notice that, still in view of Proposition 2.2, we can read each of these functionals also as F [ζ] : S CP → C, thus as a genuine classical observable on the dynamical configurations of a Casimir-Polder system. The underlying philosophy is to read all these functionals whose labeling space is
as the generators of an on-shell algebra of observables for a CasimirPolder system. As a preliminary step, we exhibit some relevant properties of these generating functionals, which justify their choice: Proposition 2.10. We call classical observables for the Casimir-Polder system, O CP (H 4 ), the vector space of functionals F [ζ] :
ζE(α). This space is:
, there
optimal, that is, for every pair of classical observables
there exists at
3. a symplectic space if endowed with the following weakly non-degenerate symplectic form 2 :
Proof. Let us start proving 1.
, and two representatives α, α ′ ∈ C ∞ tc,− (R 4 ). On account of standard arguments in analysis we know that C ∞ 0 (R 4 ) is separating for C ∞ (R 4 ) with respect to the pairing (1.2). Hence, since
. Since ζ identifies a non trivial element in O CP (H 4 ), the statement is proven.
We focus on 2.
and let ζ, ζ ′ be two arbitrary representatives. For the same reason as in the previous point, since
At last we prove 3. Notice that, per construction, σ is bilinear and antisymmetric. Suppose that, per absurd, there exists a non trivial
. Since every representative of [α] is odd, the same statement holds true for
are orthogonal to each other with respect to σ. Notice that σ can be also read as the standard weakly non-degenerate symplectic form on
. Since in view of Lemma 2.9, up to an isomorphism,
, the arbitrariness of [α ′ ] entails that [α] ought to be the trivial equivalence class in
and thus also in O CP (H 4 ).
Notice that the normalization factor introduced in the symplectic form presented in the previous equation is introduced in order to match the action of the modified causal propagator (5). With that normalization, the local commutation relations are preserved, see e.g. Proposition 2.8. We have almost all ingredients to define the on-shell algebra of observables for a CasimirPolder system, barring the following corollary:
Corollary 2.11. There exists a vector space isomorphism between O CP (H 4 ) and the span of all functionals
Proof. First of all we notice that
is well-defined as the choice of the representative of [f ] is not relevant. As a matter of fact, on account of the boundary conditions of all elements involved, we can still integrate by parts canceling all boundary terms so that, for all
, it holds that,
According to Proposition 2.7, since η * is an isomorphism between A CP (H 4 ) and
, which, in turn, is equal due to the equations of motion to
. We have constructed the candidate isomorphism which can also be read as a map Υ :
which associates to [f ] in the former space [f + ι z (f )] in the latter. This is an isomorphism since,
In view of this corollary, Definition 2.12. We call on-shell * -algebra of observables for a Casimir-Polder system the algebra A CP on (H 4 ), ⋆ H 4 generated by the functionals
Notice that, similarly to A KG (R 4 ), the completion needed to switch from
is left understood. Furthermore we can also realize A CP on (H 4 ) as the quotient between A CP (H 4 ) and an ideal generated by elements [P f ] lying in P [C ∞ 0,− (R 4 )] where P is the Klein-Gordon operator ruling the dynamics. Since O CP (H 4 ) is a symplectic space, A CP on (H 4 ) has a trivial center and thus it is a semsimple algebra. In the following proposition, we prove that, despite (H 4 , η) is not a globally hyperbolic spacetime, A CP (H 4 ) enjoys the same structural properties outlined for the algebra of observables of a Klein-Gordon field by Dimock in its seminal paper [Dim80] or by Brunetti-Fredenhagen-Verch in [BFV],in particular causality and the time-slice axiom. While the meaning of the former is obvious, that of the latter needs a few comments. Recall that A KG on (R 4 ) fulfills the time-slice axiom, namely given any geodesically convex neighbourhood N of a Cauchy surface Σ in Minkowski spacetime, A KG on (R 4 ) is * -isomorphic to the algebra A KG on (N), obtained considering as labels only those f ∈ C ∞ 0 (R 4 ) such that supp(f ) ⊂ N. Since H 4 is not globally hyperbolic there is no notion of a Cauchy surface. Yet, if we consider the natural extension of the isomorphism of Proposition 2.7 to A CP on (H 4 ), this is * -isomorphic to a * -subalgebra of A KG on (R 4 ) for which the time-slice axiom is a well-defined concept. In this sense we can prove the following lemma:
Lemma 2.13. The algebra A CP on (H 4 ) is both causal and it fulfills the time slice axiom.
Proof. Let us start by showing that A CP on (H 4 ) is causal. To this end it suffices to consider two arbitrary generators
so that there exists two representatives
In other words spacelike separated observables do commute. In order to prove the time slice axiom, we need to show that, given any geodesically convex neighbourhood N of a Cauchy surface Σ in Minkowski spacetime, then A CP on (N ∩ 
where E − is the retarded fundamental solution of P . Notice that, per construction and on account of the support properties of both E ± and χ, ζ ∈ C ∞ 0,− (R 4 ∩ N) and it is a representative of [ζ].
Remark 3. After having analyzed all the structural consequences at an algebraic level of our choices for the classical observables of a Casimir-Polder system or rather for its labeling space, we would like to comment on possible alternatives which we have discarded.
1. The first option would be to replace
, we would be considering effectively a vector subspace of the classical observables introduced of Proposition 2.10. All other structures could be slavishly adapted to this case and they would retain the same properties with the due exception of the time-slice axiom. Per direct inspection of (9), even starting from ζ ∈ C ∞ (H 4 ), the support properties of E ± entail that ζ might not be supported in C ∞ (H 4 ∩ N). The lack of this additional property, though not a disaster, suggests us to discard this possible alternative.
2. Another choice for replacing O CP (H 4 ) would be to consider C ∞ 0 (H 4 ) as labeling space, in other words those smooth functions which have a non vanishing value on ∂H 4 while retaining a compact support. In comparison to our present choice, this would be rather an unnecessary complication. The main problem has been already pointed out in the previous discussions, namely ⋆ H 4 and (5) in particular would not be well-defined on this space of functions.
Hadamard states for a Casimir-Polder system
Having constructed the algebra of observables for a Casimir-Polder system, we can focus on discussing algebraic states thereon, namely any linear functional ω : A CP (H 4 ) → C for which
where I is the identity element. As for the usual free field theories on any globally hyperbolic spacetime, the key question is under which conditions ω is physically acceptable. We recall that the answer for A KG (R 4 ), the algebra of observables for a Klein-Gordon field on the whole Minkowski spacetime, goes under the name of Hadamard states. More precisely, assigning a positive and normalized functional ω : A KG (R 4 ) → C is done via its n-point functions ω n : C ∞ 0 (R 4 ; C) ⊗n → C which are chosen in such a way to encode consistently both the canonical commutation relations built in the ⋆-product. Furthermore, if all ω n fulfill also the equations of motion in a weak sense, ω descends consistently to a state on A KG on (R 4 ). In the class of all algebraic states for A KG (R 4 ), distinguished are the Gaussian/quasifree ones, namely whose for which the odd n-point functions are vanishing and the even ones can be built in terms of the 2-point function via the following expression:
where S ′ 2n stands for the set of ordered permutations of 2n-elements. In between all quasi-free states, those of Hadamard form can be characterized out of the singular structure of the bidistribution ω 2 ∈ D ′ (R 4 × R 4 ) associated to the two-point function ω 2 via the Schwarz kernel theorem [Rad96a, Rad96b] , that is
where ∼ entails that x and x ′ are connected via lightlike geodesic and η −1 (k x ′ ) is the parallel transport of η −1 (k x ) along it. The symbol ⊲ entails that k x is a future pointing covector. Notice that (10) can be straightforwardly extended to any bi-distributions defined on any globally hyperbolic spacetime.
With the above considerations at hand, we can realize the existence of subtleties in characterizing physically acceptable quasi-free states for A CP (H 4 ), since the associated two-point function is not necessarily associated to a bi-distribution. In this case all tools proper of microlocal analysis are not available to us. In a sense this problem is similar in spirit to the same issue in Abelian gauge theories [FePf03] or in linearized gravity [BDM14, FH12] . The way out that we propose is slightly different from the one used in these papers, namely we require that the Hadamard condition is satisfied in any globally hyperbolic subregion of H 4 . To this end, remarking that, if Ω is an open subset of H 4 , we call A CP (Ω) the * -subalgebra of A CP (H 4 ) generated by equivalence classes of smooth functions whose compact support is contained in Ω, Definition 2.14. We call a linear map ω : A CP (H 4 ) → C a quasi-free Hadamard state for a Casimir-Polder system if it is normalized, positive, quasi-free and if, for all globally hyperbolic submanifolds O ⊂ H 4 , the restriction of ω to A CP (O) is such that there exists ω 2 ∈ D ′ (O × O) whose wavefront set is of Hadamard form
and, for all
Notice that, contrary to the common habit, we are constructing states on the off-shell algebra. In order for them to define a counterpart for the on-shell algebra a compatibility condition with the equations motion has to be met. To this end, a compatibility with the equations of motion is necessary and, in the case of quasi-free states as in Definition 2.14, this is tantamount to requiring that ω 2 is a weak bi-solution of the dynamics. Whenever we consider states on the onshell algebra, this additional requirement will be made implicitly. In view of this last definition the first question to answer is whether one can build a connection between Hadamard states for the Klein-Gordon field on Minkowski spacetime and those for a Casimir-Polder system. The next proposition shows, moreover, that the state space of a Casimir-Polder system is not bigger than the one for the Minkowski counterpart.
Proposition 2.15. Let η * : A CP (H 4 ) → A KG (R 4 ) be the map defined in Proposition 2.7. Then, for every quasi-free state ω : A KG (R 4 ) → C, there exists a quasi-free state ω on A CP (H 4 ) such that for all a ∈ A CP (H 4 ), ω(a) . = ω(η * (a)). In particular, if ω is of Hadamard form, so is ω.
Proof. As a starting point, notice that ω inherits the normalization, positivity and the property of being quasi-free directly from ω. We need only to check the Hadamard property. To this end notice that, on account of Proposition 2.8, η * reduces to the identity on A KG (O) for every globally hyperbolic submanifold O ⊂ H 4 . Consequently, for every
In other words the bi-distribution associated to ω can be built out of ω 2 itself. Since the latter has per hypothesis the Hadamard wavefront set on every double cone of R 4 and since, if supp(f ), supp(f ′ ) ⊂ O ⊂ H 4 , then neither ι z (f ) nor ι z (f ′ ) can be entirely supported therein, the only singular term in the above identity is given by ω 2 (f, f ′ ), then we can conclude that ω is of Hadamard form.
As a last step, we wish to compare our approach with the method of images which is commonly used on Minkowski spacetime. This is nothing but an application of Proposition 2.15 as the following lemma makes clear:
Lemma 2.16. Let ω be any quasi-free Hadamard state for A KG (R 4 ) whose associated two-point function ω 2 ∈ D ′ (R 4 × R 4 ) has an integral kernel which is invariant under reflection in both entries along the z-direction, that is ω 2 (x, z, x ′ , z ′ ) = ω 2 (x, −z, x ′ , −z ′ ). Then the state ω on A CP (H 4 ) built as per Proposition 2.15 is a quasi-free Hadamard state whose integral kernel is
Proof. On account of Proposition 2.15, we can conclude that ω is a Hadamard state on A CP (H 4 ) and it is quasi-free per construction. In order to show the last statement, it suffices instead an explicit calculation. Let ω be as per hypothesis and let ω 2 be the associated bi-distribution. For all f, f ′ ∈ η[C ∞ 0 (R 4 )], seen as labels for two generators of A CP (H 4 ), it holds in view of Proposition 2.15
where, in the last equality, we used the symmetry hypothesis of the two-point function to conclude that ω 2 (f,
The above chain of equalities entails the sought identity at a level of integral kernels.
Remark 4. The statement of Lemma 2.16 applies to the Poincaré vacuum and the KMS state for a massive or massless Klein-Gordon field on Minkowski spacetime, for which ω 2 induces the same quasi-free state which one obtains via the method of images.
For completeness, we want now to discuss the form of the singular structure of the twopoint functions of states obtained in Proposition 2.15 pulling back η * on the states. We shall accomplishing this task, starting with an Hadamard state ω over A KG (R 4 ) whose two-point function is symmetric under simultaneous reflections of both entries, namely a state which fulfills the hypothesis of Lemma 2.16. Hence, since
we have that
where the restriction is on the base point of both distributions. Furthermore,
In the previous expression, ι z acts on covectors inverting the sign of the z−component. Roughly speaking, we might say that (x, x ′ ; k x , k ′ x ′ ) are contained in W F (( ω 2 (ι z ⊗ I)) | H 4 ) if and only if x and x ′ are connected by a null geodesic reflected at the surface ∂H and if η −1 (k x ) and η −1 (−k ′ x ′ ) are tangent vectors at the end points of this reflected geodesic. Notice that the inclusion ⊂ in (11) holds by definition, while the other inclusion descends from the observation that
We also notice that, whenever ω 2 is restricted to a globally hyperbolic region O ⊂ H, its wave front set enjoys the microlocal spectrum condition because in that case W F (( ω 2 • (ι z ⊗ I)) | O ) is the empty set. Actually no lightlike geodesic starting from O can enter O after reflection.
Wick ordering in a Casimir-Polder system
To conclude the section, we show how to make contact between the previous analysis and the standard results in the literature concerning the Casimir-Polder energy. To this avail, we need first of all to introduce the (local) Wick polynomials for a Casimir-Polder system. From a conceptual point of view, this question is the same as for a Klein-Gordon field on a globally hyperbolic spacetime. We shall see, however, that, on every globally hyperbolic submanifolds of H 4 , the local Wick monomials generate an algebra of observables which is isomorphic to the restriction thereon of the Klein-Gordon one. Hence it is well-defined. On the contrary the composition of elements supported in different local extended algebras is in general ill-defined.
Before entering into the technical details, also to make contact with the standard literature on the Casimir-Polder effects, it is worth recalling a few facts valid for any scalar field theory on a globally hyperbolic spacetime (M, g):
• Let ω 2 ∈ D ′ (M ×M ) be a bi-distribution which induces a quasi-free state ω on the * -algebra of fields A KG (M ), which is defined in full analogy with the one introduced on Minkowski spacetime. If the wavefront set of ω 2 is of the form (10) and thus ω is Hadamard, it is possible to give a rather explicit local characterization to the integral kernel of ω 2 .
For every pair of points x, y ∈ M lying in the same geodesic neighbourhood, we can split ω 2 (x, x ′ ) as follows -see for example [Mor03] :
, where W (x, x ′ ) is a smooth term while H(x, x ′ ) is a (Hadamard) parametrix. It is a singular term which depends only on the background geometry and on the partial differential operator P ruling the dynamics, 
where dµ g is the metric induced measure and the integral is taken over the whole manifold on account of the support properties of f . Notice that the expectation value
is well defined when computed on Hadamard states. Furthermore, we recall that the Hadamard parametrix is uniquely determined up to smooth terms yielding the standard regularization freedoms [HW01]. In particular, if (M, g) is Minkowski spacetime and ω 0 is the Poincaré vacuum for a massless Klein-Gordon field, then H(x, x ′ ) can be chosen to be equal to ω 2 (x, x ′ ) and in this case, for all f ∈ C ∞ 0 (R 4 ), : φ 2 : H (f ) vanishes up to the regularization freedom. The goal of the functional approach is to recollect all observables which are regularized in a coherent body, endowing it with the structure of a * -algebra. In other words it encodes the so-called Wick theorem.
An elegant way of introducing an algebraic structure on the set of Wick polynomials is provided by methods of perturbative algebraic quantum field theory. We recall here this construction for the Klein-Gordon case on the whole Minkowski spacetime. Notice that, in order to encompass Wick polynomials in the algebra of functionals, it would be desirable to extend A KG (R 4 ) adding non linear local generators like
where f ∈ C ∞ 0 (R 4 ) while φ ∈ S(R 4 ). The composition of two of these functionals via the ⋆−product introduced in (2) is, however, ill-defined at a microlocal level. In order to overcome this difficulty, we follow in [BDF09, BF09, FR12] , modifying the composition rule in A KG (R 4 ) and then enlarging such set to include also additional regularized fields. The sought modification must preserve the commutation relations among the generators of A KG (R 4 ). It can be written as in (1) with Γ E replaced by
The product obtained in this way is denoted by ⋆ H and on A KG (R 4 ) takes the same form given in (2) where the integral kernel E(x, x ′ ) is replaced by −2iH(x, x ′ ), up to multiplicative constants the (global) Hadamard parametrix. Notice that the antisymmetric part of −2iH(x, x ′ ) coincides with E(x, x ′ ) and hence the canonical commutation relations among the generators of A KG (R 4 ) are left untouched. Furthermore, since the new ⋆-product is built only out of local structures, covariance of the scheme is guaranteed. In addition, the form (10) of the wavefront set of H(x, x ′ ) entails that powers of H(x, x ′ )are meaningful since the Hörmander criterion for multiplication of distributions is satisfied -see [Hör90, Th. 8.2.10]. Equipping F 0 (R 4 ) with the product ⋆ H instead of the original ⋆ we obtain an algebra which is isomorphic to A KG (R 4 ). Furthermore, following [BF09] , this isomorphism can be understood as a deformation of the original algebra A KG (R 4 ) which is generated by
After such deformation, the set of elements constituting the algebra can be enriched by adding also local non linear functionals like those of the form (13). For completeness, we recall the form of the set on which, after the deformation, the algebra of fields can be extended.
Definition 2.17. We call microcausal functionals for the Klein-Gordon field, A KG µ (R 4 ), the collection of all smooth functionals F : C KG (R 4 ) → C such for all n ≥ 1 and for all φ ∈ C KG (R 4 ), F (n) [φ] ∈ E ′ (R 4 ) ⊗n . Only a finite number of functional derivatives do not vanish and WF(F (n) ) ⊂ Ξ n , where
, where V ± are the subsets of T * R 4 formed by elements (x i , k i ) where each covector k i , i = 1, ..., n lies in the closed future (+) and in the closed past (-) light cone. The pair (A KG µ (R 4 ), ⋆ H ) is called extended algebra of Wick polynomials.
Notice that the expectation values of products of generators of A KG (R 4 ) with respect to a state ω must be invariant under the deformation. In other words A KG µ (R 4 ) contains a * -subalgebra isomorphic to A KG (R 4 ). As a last remark on this procedure we stress that, since only the antisymmetric part of H(x, x ′ ) is fixed, there is a freedom in the definition of the extended objects. This is related to the renown regularization freedom, a discussion of which can be found for example in [HW01] . In this paper we will not enter into the details, since they are not necessary to our purposes.
We recall that the procedure discussed so far can be applied almost slavishly on every globally hyperbolic spacetime. Hence, as far as a Casimir-Polder system is concerned, our strategy is to start by constructing an extended algebra of Wick polynomials starting from any * -algebra A CP (O) as in Proposition 2.8. Recall that O is a globally hyperbolic submanifold of H 4 .
To this avail we recall the definition of support for functionals as introduced in [FR12] and adapted to our case.
Definition 2.18. Let F : C CP (H 4 ) → C be any functional on the space of off-shell configurations for a Casimir-Polder system as per Definition 2.4. We call support of F
supp(F )
Let O ⊂ H 4 be any globally hyperbolic submanifold, to which we associate A CP (O) as per Proposition 2.8. In view of Definition 2.14 we follow the same procedure, used to build for A KG µ (R 4 ), to obtain A CP µ (O) an extended algebra of Wick polynomials. Furthermore, in view of Proposition 2.8, A CP µ (O) is * -isomorphic to A KG µ (O), the restriction of A KG µ (R 4 ) to O. The next step would consists of trying to glue together all A CP µ (O) so to obtain a global extend algebra of Wick polynomials for a Casimir-Polder system. The following remark shows that obstructions do arise:
Remark 5. Let O 1 and O 2 be two globally hyperbolic submanifolds of H 4 whose union is not contained in a third globally hyperbolic submanifold of H 4 . Consider now F
where u ∈ C CP (H 4 ) while suppf ⊂ O 1 and suppf ′ ⊂ O 2 . In view of Proposition 2.8, we choose the Hadamard parametrix H(x, x ′ ) to be the same one as for a Klein-Gordon scalar field on Minkowkski spacetime, though restricted to the region(s) of interest. If we now pretend that we can realize the above two elements as being part of a larger algebra of Wick polynomials, we should be able to compose them following the same procedure used in (14) for A KG µ (R 4 ). In order to account for the different ⋆-product for the undeformed algebra, we need to replace
Unfortunately this leads to pathologies, namely terms such as (E H (x, x ′ ) − E(x, x ′ )) multiplied with itself, which are ill-defined.
Despite this hurdle, concepts like smeared energy density are still well-defined within each A CP µ (O). The impossibility to extend naively the construction to the whole H 4 translates at a physical level to the well-known divergences in computing quantities such as the Casimir total energy.
We can make finally a correspondence to the standard results in the literature, in particular recovering the dependence of the energy density on the forth power of the distance along the z-axis between a point in the bulk and one on the boundary. Before stating the result, we recall that, on Minkowski spacetime, the so-called improved stress-energy tensor of a massless conformally coupled scalar field φ is on-shell [CCJ70, Mor03]
where ξ is the coupling constant with the scalar curvature R introduced in (4).
Lemma 2.19. Let us consider a massless, arbitrarily coupled to scalar curvature, scalar field and let ω 0 be the Hadamard state for A CP (H 4 ) induced from the Poincaré vacuum ω 0 via Lemma 2.16. Let ω 0 2 (x, x ′ ) be the associated integral kernel of the two-point function on the whole R 4 . Then, for all f ∈ C ∞ 0 (H 4 ),
and ω 0 (:
where {T µν } are the components of the stress-energy tensor (15) while A = diag(−1, 1, 1, 0).
Proof. We need only to recollect what already proven together with the explicit form of
where η 3 = diag(−1, 1, 1). On account of both Proposition 2.15 and Lemma 2.16, we know that ω 0 is a Hadamard state for A CP (H 4 ). The definition of A CP µ (H 4 ) together with both
In order to compute ω 0 (: T µν : H (ζ)) it suffices to apply the point-splitting scheme as introduced in [Mor03] . All results obtained in this cited paper apply without modifications to the case at hand. In particular it holds that
where -see [Hac10, §4]
Inserting this expression in the above integral and replacing ω 0 2 (x,
Remark 6. Notice that we have defined the Wick polynomials only for those smooth and compactly supported functions whose support does not intersect the boundary of the region of interest. The reason can be seen explicitly looking at the last lemma: If we inspect the integral kernels ω 2 (x, −z, x ′ , z ′ ) and ω 2 (x, z, x ′ , −z ′ ), they become singular at z = z ′ = 0 so that they cannot be tested with δ(z − z ′ ). This is no surprise and it is at the heart of the often mentioned problem that, in a Casimir or in a Casimir-Polder system, the total energy, computed out of the integral of the time-component of the stress-energy tensor diverges. A possible alternative would be to modify the definition of A CP µ (O). At the level of two-point function this would amount to the following requirement: If f ∈ η(C ∞ 0 (R 4 )) is such that supp( f ) intersects the boundary than
We shall not consider this additional prescription since it would introduce a support dependent regularization which sounds rather unnatural. In other words, the regularization introduced above, is not local anymore. Also information about boundary conditions needs to be employed in order to construct H. One could argue eventually that this prescription could be extended to all Wick polynomials. Although possible at a mathematical level, it would contradict the experimental evidences of the Casimir effect, since, if applied to Minkowski spacetime by adapting the previous lemma, it would lead to the lack of any interaction between the wall and the neutral field in the bulk spacetime. For this reason we stick to the picture according to which interactions can be treated at a perturbative level only if strictly localized inside the bulk spacetime.
Algebraic Quantum Field Theory and the Casimir effect
In this section we shall focus on the second scenario, we are interested in, namely the one describing the attraction force between two parallel, perfectly conducting, plates as discussed for the first time in [Cas48] . We shall refer to it as Casimir system. As in the previous section we shall investigate this model from the point of view of algebraic quantum field theory and using the so-called functional formalism. Following the same path as in a Casimir-Polder system, we shall proceed in three main steps: 
where R is the scalar curvature. Since the scalar curvature vanishes, the term ξR plays no role at a dynamical level, but it affects the structure of the stress-energy tensor which we will consider later. Notice that, in full analogy with the previous section, neither (Z, η) is a globally hyperbolic spacetime, nor (18) is an initial value problem, rather it is a boundary value problem. Hence, in order to characterize S C (Z), we follow the same strategy used in a Casimir-Polder system, namely we identify each smooth solution of (18) with a specific counterpart for a Klein-Gordon field on the whole Minkowski spacetime. Before outlining the details, we introduce the auxiliary regions
As a consequence R 4 = n∈Z Y n .
Proposition 3.1. There exists a vector space isomorphism between S C (Z) and the quotient
is the collection of all α ∈ C ∞ tc (R 4 ) such that the following conditions are met:
Proof. As a first step we show that there exists an isomorphism between S C (Z) and a vector subspace of S KG (R 4 ) .
Following the same argument as in the proof of Proposition 2.2, we can conclude that
for any x ∈ Y n . By a similar argument as for v(x), it descends that φ ∈ C ∞ (R 4 ) and that, moreover, P φ = 0, as this property is traded from that of u. In other words we have found a linear map
The map is per construction surjective, since for every φ ∈ S C (R 4 ), φ| Z ∈ S C (Z) and F ( φ| Z ) = φ. Furthermore F is also injective since F (u) = 0 ∈ S C (R 4 ) implies φ = 0 and, thus u = φ| Z = 0. In other words F is an isomorphism of vector spaces. To prove the statement of the proposition we need to show that S C (R 4 ) is isomorphic to
. As a first step we show that the map induced by E is surjective. Let thus φ ∈ S C (R 4 ). Since P φ = 0, there must exist α ∈ C ∞ tc (R 4 ) such that φ = E(α). Since φ is odd per reflection along the hyperplane z = 0, we know from Proposition 2.2 that α must lie in C ∞ tc,− (R 4 ). Repeating slavishly the proof of Proposition 2.2 with respect to the condition φ(
. Taking into account that E • P = 0, we have associated to each element in S C (R 4 ) an equivalence class in
We focus now on injectivity. Let α ∈ C ∞ tc,C (R 4 ) and let φ α . = E(α) where E is the causal propagator of P on Minkowski spacetime. Per construction P φ α = 0. Furthermore since both the map ι z : R 4 → R 4 such that ι z (x, z) = (x, −z) and ι s : R 4 → R 4 such that ι s (x, z) = (x, z + s), s ∈ R, are isometries of (R 4 , η) it holds that E • ι z = ι z • E and E • ι s = ι s • E. Consequently φ = E(α) = E(−ι z α) = −ι z E(α) = −ι z φ which entails φ(x, 0) = 0. At the same time, replacing ι z with ι s • ι z , s = 2d, we obtain that φ(x, 2d − z) = −φ(x, z) which implies φ(x, d) = 0.
Since E • P = 0, the map which associates to each
does not depend on the choice of the representative in [α] and it is, moreover, injective. As a matter of facts, suppose E(α) = 0. This entails that there exists ρ ∈ C ∞ tc (R 4 ) such that α = P ρ. Yet, since α(x, z) = −α(x, −z) = −α(x, 2d − z) and since P is invariant both under the map (x, z) → (x, −z) and (x, z) → (x, z + 2d), ρ ∈ C ∞ tc,C (R 4 ). As a consequence P ρ lies in the trivial equivalence class of
Remark 7. It is noteworthy that the two conditions defining the elements of S C (R 4 ) in (20) are actually already implementing the method of images at a level of dynamical configurations. As a matter of facts, consider any φ ∈ S C (R 4 ): For any n ∈ Z, first applying the reflection along the hyperplane (x, d) and then the one along (x, 0), the following chain of identities holds true:
and equivalently φ(x, z + 2nd) = φ(x, z + 2(n + 1)d). In other words every element in S C (R 4 ) is both odd with respect to the reflection along the hyperplane z = 0 and 2d-periodic.
Our next goal is to expand cohesively the content of the above remark. Therein our philosophy was to show that, to each dynamical configuration for a Casimir system, we can associate a solution of the equation of motion of a Klein-Gordon scalar field, which is periodic along the z-direction. From the quantum field theory point of view, especially when constructing algebraic states, we will be interested in a complementary problem, namely we would like to start from an element of S KG (R 4 ) . = {φ ∈ C ∞ (R 4 ) | P φ = 0} and associate to it one in S C (R 4 ). Following an argument almost identical to that of Proposition 3.1, this problem can be translated to associating to an element of C ∞ tc (R 4 ) one of C ∞ tc,C (R 4 ). Barring the reflection along the plane z = 0, the key procedure consists of making a smooth function on R 4 periodic. This operation, which is strongly tied to the Poisson's summation formula -see [Hör90, §7.2], does not yield in general a well-defined result on the whole C ∞ tc (R 4 ). Yet we can individuate a notable subset which suffices to reach our goal. More precisely
The following statements hold true:
1. The map N is surjective, but not injective.
N is an isomorphism between
Proof. We remark, that, per construction N (f ) is a smooth function which is 2d-periodic and odd for reflection along the z-axis for any f ∈ C ∞ 0 (R 4 ). The compact support ensures the convergence of the series.
Let us focus on 1.: To show that N is surjective, let ζ ∈ C ∞ 0,C (R 4 ) and let χ ∈ C ∞ (R 4 ) be a function constructed as follows. It depends only on z and, at fixed value of x, χ(z) ∈ C ∞ 0 (R 4 ) in such a way that χ vanishes for all |z| ≥ 2d − α, α ∈ (0, d). Furthermore χ(z) = 1 if z ∈ (−α, α] and for all other values of z it is such to satisfy the identity χ(z) + χ(z + 2d) = 1 for all z ∈ [−2d, 0]. Consequently χζ ∈ C ∞ 0 (R 4 ) and a direct calculation shows that N (χζ) = ζ. Hence N is surjective. To show that N is not injective it suffices to exhibit an explicit example: Consider any β ∈ C ∞ 0 (0, d) × R 3 and f (x, z) as β(x, z) if z > 0 and as −β(x, −z) if z < 0. At the same time define
Let us now focus on 2.:
According to our overall strategy, the next step calls for the identification of a counterpart for a Casimir system of E H 4 which played a key role in studying a Casimir-Polder system. Notice that the key role of E H 4 was on the one hand to generate all smooth solutions with the wanted boundary conditions, while on the other hand, it yielded a symplectic form on the space of classical observables. We have emphasized this second aspect since it is easy to grasp that identifying eventually a symplectic form in Casimir system, is more difficult on account of the periodicity of the elements in S C (Z). A solution to this problem lies in this proposition:
] is compact for all t ∈ R. This is 1. a vector space isomorphic to
2. a symplectic space if endowed with the following weakly non-degenerate symplectic form:
where ζ and ζ ′ are representatives of
and where
Proof. On account of Proposition 3.1, to every element u ∈ S C sc (Z) ⊂ S C (Z), we can associate via the map F in (20) a function φ ∈ C ∞ − (R 4 ), solution of P φ = 0, so that u = φ| Z . Furthermore,
such that φ = E(α). Since φ is per hypothesis compactly supported along the x, y-directions, but neither in time nor along z, the standard support properties of the causal propagator E entail, in turn, that α must be smooth and compactly supported along the t, x, y-directions without additional constraints imposed along the z-direction. Repeating slavishly the proof of Proposition 3.1, 1. descends. Let us focus on 2.: As a first step, we show that (23) is well-posed. Since for any u, u ′ ∈
, such that u (′) = E(ζ (′) ), well-posedness descends from
showing that for any ζ ′ ∈ C ∞ 0,C (R 4 ) it vanishes the integral
∂z 2 and rewrite the integral as
where we used both that P (3) is a formally self-adjoint operator which does not depend on z and that we are integrating along the whole R 3 . If we use the identity
and we integrate by parts, it holds
where we used that both ζ ′ and E(ζ) vanish both at z = 0 and at z = d. From this computation it also descends that, for any ζ,
where E ± are the advanced and the retarded fundamental solutions of P on the whole Minkowski spacetime. From this last identity it descends that (ζ, E(ζ ′ )) C = −(E(ζ), ζ ′ ) C . In other words, σ C is both bilinear and antisymmetric. To prove non-degenerateness, suppose there exists
. In particular this entails that (E(ζ), ζ ′ ) C = 0. If we choose ζ ′ so that (supp(ζ ′ ) ∩ Z) ⊂Z, calling ζ 0 . = ζ ′ | Z the following identity holds true:
Notice that ζ ∈ C ∞ 0,C (R 4 ) ⊂ C ∞ tc (R 4 ) and that the right hand side coincides with the standard pairing between
and
on the whole Minkowski spacetime, which is non degenerate -see for example [Ben14] . Hence there must exist α ∈ C ∞ tc (R 4 ) such that ζ = P α. Notice that, since (21) guarantees us that N is built out of isometries of the standard Minkowski metric, it holds that E ± • N = N • E ± . Since α = E + (ζ) = E − (ζ) and ζ ∈ C ∞ 0,C (R 4 ) per hypothesis, α lies in C ∞ 0,C (R 4 ), concluding the proof that σ C is weakly non-degenerate.
Notice that restricting the domain of integration in (23) is necessary to obtain finite quantities and it encodes the physical idea that only the information contained between the boundaries at z = 0 and at z = d are physically relevant. Before concluding this part of our investigation of a Casimir system, we elaborate from Proposition 3.3 the following Definition Definition 3.4. We call Casimir causal propagator the map E Z : C ∞ 0 (R 4 ) → S C sc (R 4 ) where
where N is defined in (21) and E is the causal propagator of the Klein-Gordon scalar field on Minkowski spacetime.
Remark 8. Notice that there is no symplectic isomorphism between S C sc (R 4 ) and the space of spacelike compact solutions of the Klein-Gordon equation on Minkowski spacetime . The reason is that N does not preserve the symplectic form, since for arbitrary f, f ′ ∈ C ∞ 0 (R 4 ),
where σ C is the one introduced in (22) and, setting ζ = N (f ) and ζ ′ = N (f ′ ), the last equality holds on account of (23). The main consequence of this failure will be the impossibility at a later stage to construct states for the algebra of observables for a Casimir system as the pull-back of states for the counterpart on the whole Minkowski spacetime.
Part 2 -The off-shell algebra: Having characterized all possible dynamical configurations for a Casimir system, we can address the question on how to build an algebra of observables following the example given in Section 1.1. Our guiding principle will be the same as in section 2 and, in particular, we shall use the functional formalism. We stress that there will be several modifications in comparison to our analysis of the previous section. These can be ultimately ascribed to the more complicated underlying geometry and to the fact that we have well-under control the convergence of the series (21) only with respect to compactly supported functions.
Definition 3.5. We call space of kinematical/off-shell configurations for a Casimir system
We consider C C (Z) endowed with the compact-open topology.
Notice that S C (Z) ⊂ C C (Z). As next step, we want to construct a space of functionals measuring off-shell configurations and we want to endow it with the structure of a * -algebra. In this respect Definition 3.4 plays a key role.
Definition 3.6. Let F : C C (Z) → C be any smooth functional. We call it regular if for all k ≥ 1 and for all u ∈ C C (Z),
, and if only finitely many functional derivatives do not vanish. We indicate this set as F C 0 (Z).
where E Z (x, x ′ ) is the integral kernel of (5). The exponential in (25) is defined intrinsically in terms of the associated power series and, consequently, we can rewrite the product also as
Notice that (26) is well-defined, since E Z = E • N and thus elements in C ∞ 0,C (Z) are per definition such that their image under the action of N lies in C ∞ tc,C (Z). To summarize Definition 3.7. We call A C (Z) ≡ F C 0 (Z), ⋆ Z the off-shell * -algebra of a Casimir system endowed with complex conjugation as * -operation.
Remark 9. Notice that, in complete analogy with A CP (H 4 ) and with A KG (R 4 ), A C (Z) can be seen as being generated by the functionals
while u ∈ C C (Z). At the same time, if we consider as generating functionals only those whose labeling space is C ∞ 0,I (Z), we obtain the extensible * -algebra A C ext (Z), which is a * -subalgebra of both A C (Z). Notice that A C ext (Z) plays a distinguished role as we will be able to define Hadamard states only for such algebra.
The causal propagator for the Casimir system is constructed modifying the causal propagator of the Minkowski spacetime with the operator N . Thanks to the causal properties of E, when employed on test functions supported in a globally hyperbolic set O strictly contained in Z it holds that 
This isomorphism is implemented by the identity.
The proof of this proposition can be obtained along the guidelines of that of Proposition 2.8 together with the property of E Z stated above.
Part 3 -The on-shell algebra: Having investigated the algebra probing kinematical configurations, we want to conclude our analysis by constructing the counterpart on the solutions to the equation of motion. This is tantamount to restricting the allowed configurations from C C (Z) to S C (Z). As outlined in Section 1.1 and in Section 2 for a Casimir-Polder system, this entails that several functionals become redundant as they are automatically vanishing when evaluated on any solution. This calls for the identification and for the elimination of these observables via a suitable quotient. At a level of algebras the solution of this problem is contained in Proposition 3.1 and in the isomorphism between S C (Z) and
. This suggests to consider the
where the right hand side is defined in (23).
Notice that, still in view of Proposition 3.1, we can rewrite each of these functionals also as F [ζ] : S C (Z) → C, thus as a genuine classical observable on the dynamical configurations of a Casimir system. The underlying philosophy is to single out via the labeling space
the generators of an on-shell algebra of observables for a Casimir system. As a preliminary step, we exhibit some relevant properties of these generating functionals, which justify their choice:
Proposition 3.9. We call classical observable for a Casimir system the map F [ζ] :
where ζ and α are arbitrary representatives of [ζ] and [α] respectively. The collection of all classical observables O C (Z) is a vector space which is both separating and optimal in the sense of Proposition 2.10. Furthermore (O C (Z), σ C ) is a symplectic space, σ C being defined in (22).
Proof. We notice that (27) is a well-defined quantity whose right hand side does not depend on the representatives chosen, as one can infer by repeating slavishly the same reasoning as in Proposition 3.3 using additionally that (supp(ζ) ∩ supp(E(α)) ∩ Z is compact.
is a vector space which is isomorphic to S C sc (Z). Hence, since the latter is a symplectic space as proven in Proposition 3.3, so is O C (Z) endowed with σ C . We need only to show that the collection of classical observables is separating and optimal.
The first descends from the following remark:
is isomorphic via E to S C (Z) which in turn identifies a vector subspace of
. With respect to the pairing we have introduced, standard arguments in functional analysis guarantee that
the sought statement holds true. To conclude we show that our choice is optimal. Suppose that there exists a classical observable generated by ζ ∈ C ∞ 0,C (R 4 ) such that (ζ, E(α)) C = 0 for all α ∈ C ∞ tc,C (R 4 ). Equivalently this entails that (E(ζ), α) C = 0. Since α is an arbitrary timelike compact function in R 3 × (0, d), the same reasoning as for the scalar field on the whole Minkowski spacetime entails that E(ζ) must vanish thereon. In other words ζ ∈ P [C ∞ 0,C (R 4 )], that is it generates the trivial class in
We have all the ingredients to introduce the following structure:
Definition 3.10. We call on-shell * -algebra of observables for a Casimir system the algebra A C on (Z), ⋆ Z generated by the functionals
Let us show that our choice for the algebra of observables enjoys notable properties:
Lemma 3.11. The algebra A C on (Z) is causal and it satisfies the time-slice axiom. Proof. The property of an algebra being causal is tantamount to showing that spacelike separated observables do commute. It suffices to check it for all generators and it is equivalent to proving
, it holds σ C ([ζ], [ζ ′ ]) = 0 if there exists two representative ζ, ζ ′ which are spacelike separated. On account of Proposition 3.3 this is a consequence of the support properties of the causal propagator. With respect to the time-slice axiom, mutatis mutandis, the procedure is identical to the one outlined in the proof of Lemma 2.13 and we shall thus not repeat it.
To conclude we remark that A C on (Z) could have been realized also as the quotient between A C (Z) and the * -ideal generated by elements of the form P h, where P is the Klein-Gordon operator and h ∈ C ∞ 0,C (Z).
Hadamard states for a Casimir system
In this section we discuss a possible way to construct a certain class of states for the Casimir system. We shall restrict our attention to those which are quasi-free and have suitable regularity.
In particular we follow the same philosophy used in the previous section, namely we will focus our attention on those states from which stems a prescription to construct Wick polynomials which coincides with the standard one if we restrict our attention to any globally hyperbolic submanifold O ⊂ Z. Well-posedness of this line of thought is a by-product of Proposition 3.8, which guarantees that A C (O) is * -isomorphic to A KG (O). Accordingly, Definition 3.12. A state ω : A C (Z) → C is of Hadamard form if it is normalized, positive, quasi-free and, if, for any globally hyperbolic submanifold O ⊂ Z, the restriction of ω to A C (O) is such that there exists ω 2 ∈ D ′ (O × O) whose wavefront set is
As for a Casimir-Polder system we want to exhibit explicit examples of Hadmard states for a Casimir system and our initial plan is to build them starting from a quasi-free counterpart ω : A KG (R 4 ) → C, which is of Hadamard form itself. In other words we would like to mimic the content of Proposition 2.15. Alas, there does not exist a * −homomorphism between A C (Z) and A KG (R 4 ) and hence no corresponding pull-back of states. We shall avoid such hurdle by working directly at the level of the two-point function adapting the image method used previously in Definition 3.4 for the causal propagator. Notice that, with this procedure, we will be constructing actually a state for A C ext (Z). More precisely our starting point is any Hadamard state ω : A KG (R 4 ) → C, whose associated two-point function ω 2 ∈ D ′ (R 4 × R 4 ). In view of Definition 3.4, applying the image method to ω 2 is tantamount to proving that ω 2 • (I ⊗ N ) ∈ D ′ (Z ×Z). Notice that the outcome does not define an image state for A C (Z) but only for A C ext (Z). Since our goal is to exhibit explicit cases where this procedure works, we restrict the attention only to quasi-free states for A KG (R 4 ) whose associated two-function has an integral kernel which is invariant under the simultaneous action on both entries of both ι z , the reflection along the hyperplane z = 0 and of ι s , the translation of step s along the z-direction, s ∈ R:
where f, f ′ ∈ C ∞ 0 (R 4 ). As an additional ingredient we recall, that all two-points functions of Hadamard form differ only by a smooth integral kernel. Hence, since in this section we are interested in a massless real scalar field, we can split
where W ∈ C ∞ (R 4 × R 4 ), while ω 0 2 (x, x ′ ) is the integral-kernel of the two-point function of the Poincaré vacuum. Therefore, we will analyze separately W (x, x ′ ) and ω 0 2 (x, x ′ ) starting from the latter, which fulfills the requirements of (28). Recall that
(30) Upon Fourier transform, we can rewrite the last expression as
where f (t, k) is the three dimensional spatial Fourier transform 3 of f (t, x).
Proposition 3.13. Let ω 0 2 be the two-point function of the Poincaré vacuum for a real, massless scalar field on Minkowski spacetime. Then ω 0
. Furthermore the integral kernel of ω 0 2 can be written as the ǫ → 0 limit of the following ǫ-regularized integral kernel:
where
Proof. With respect to the standard Cartesian coordinates (but keeping the notation x = (x, z)) and fixing e 0 = (1, 0, 0, 0) and e 3 = (0, 0, 0, 1), we can write the formal expression
Up to a change of variables of integration for every element of the sum, we obtain
For every ǫ > 0,
If we recall that for complex variables a, b ∈ C, it holds -see [GR07, §1.445]
, 3 Our convention for the spatial Fourier transform is the following:
and if we recall the form of ω 0 2 (x, x ′ ) given in (30) we can show that the ω 0 2
from the expression of the spectrum built in (31), we can infer that continuity could fail only atHence, the Dirac delta supported in 0 gives a vanishing contribution to the sum because f z (ξ) − f z (−ξ) /ξ is a continuous function near zero and hence w(ξ)ξ · f z (ξ) − f z (−ξ) /ξ is continuous in 0 and there it vanishes. Furthermore, what remains is
which is continuous with respect to the topology of
For this reason, ω 2 is also a well-defined distribution being the sum of ω 0 2 and W • (I ⊗ N ). Positivity remains to be shown, but it can be checked following a proof similar to the proof of Proposition 3.14, hence we shall omit it.
The requirements of the previous proposition are quite involved to check. For this reason, in the following lemma we give an alternative sufficient condition which implies the four points assumed in the previous proposition.
Lemma 3.16. Let ω be a quasi-free state of Hadamard form for A KG (R 4 ). Suppose that its two-point function ω 2 = ω 0 2 is invariant under z−reflections and under z−translations as in (28). Consider the smooth function W := ω 2 − ω 0 2 . Suppose that the following conditions hold:
uniformly in x and x ′ , then the hypotheses of the previous proposition are satisfied and thus the following expression
is a well defined two-point function of a quasi-free state ω :
Proof. Since W is bounded, it is the integral kernel of a Schwarz distribution. Hence, by the Schwartz kernel theorem W can be seen as a map between smooth functions over R 6 and Schwartz distributions over R 2 . The first three requirements of Proposition 3.15 descend immediately. The forth one requires a few words. Since the derivative along z of W is in L 1 , by the Riemann-Lebesgue lemma, its Fourier transform along the z−direction w(ξ) is equal to a continuous function u(ξ) divided by ξ. Furthermore, since W is symmetric under reflections generated by ι z , w must be invariant under mapping of ξ → −ξ, and thus u(ξ) = ξ w(ξ) is an odd continuous function, hence it must vanish for ξ = 0.
Before concluding this section we analyze the singular structure of Hadamard states obtained by the image method described so far. We already know that these states are of Hadamard form when restricted on globally hyperbolic sub regions of H, hence therein the singular structure is known, however we expect further singularities when states for the full algebra A C (Z) is considered. Actually, the following proposition holds.
Proposition 3.17. Consider the two-point function of a quasi-free state ω for A C (Z) obtained by the image method starting from a quasi-free Hadamard state ω of A KG (R 4 ). The wave front set of its two-point function ω 2 has the following form
where (x, k x ) ∼ Z (x ′ , k x ′ ) whenever there exists a null geodesic γ reflected at the boundaries a countable number of times, such that x, y are its end points, k x is the cotangent vector to γ at x while k y is the parallel transport of k x along γ.
Proof. We recall that
Hence, W F (ω 2 ) is contained in the union of the wavefront sets of ω 2 (x, (x ′ , z ′ + 2nd)) and of ω 2 (x, (x ′ , −z ′ + 2nd)). Let us analyze W F ( ω 2 (x, (x ′ , z ′ +2nd))). Notice that ω 2 (x, (x ′ , z ′ +2nd)) is nothing but as ω 2 in Minkowski with a translation applied to x ′ . Hence we just need to apply the corresponding transformation on its wavefront set to obtain the wavefront set of W F ( ω 2 (x, (x ′ , z ′ + 2nd))). Furthermore, if the points (x, x ′ ) are contained in its singular support, this means that x and ι 2nd (x ′ ) are connected by a null geodesic in Minkowski spacetime. This geodesic in Minkowski passes trough the points z where z 3 is a multiple of d, |2n| times. Hence, in the Casimir region, it is like a null geodesic reflected 2n times at the boundaries. We can treat in a similar way W F ( ω(x, (x, −z ′ + 2nd))) and it coincides with the wave front set of ω where the second entry of that distribution is reflected and translated 2n times. Hence, (x, x ′ ) are in its singular support only if they are connected by a null geodesic reflected |2n − 1| times at the boundaries.
Finally, we notice that the wave front set of ω(x, (x ′ , z ′ + 2nd)) and of ω(x, (x ′ , −z ′ + 2nd)) are all disjoined, (their singular support might overlap only when both z = z ′ = d/2 but in this case the corresponding covectors have opposite z−direction). Hence, in the sum defining ω 2 no cancellation of singularity might occur. We thus conclude that W F (ω 2 ) coincides with the union of the wave front sets of the distributions in the sum written above.
The vacuum and the KMS states for the Casimir system
In this subsection, we shall construct states ω T : A C ext (Z) → C at finite temperature T for the Casimir system. We shall show that these states are obtained applying the image method to a KMS state for a Klein-Gordon field on Minkowski spacetime. As a corollary, we obtain that ω 0 is the vacuum state of the theory and it coincides with lim T →0 ω T .
As before, we work at the level of two-point function. Hence, let us suppose that the hypotheses of Proposition 3.15 are met. If so, we can apply the image method to a state ω on A KG (R 4 ) to obtain a quasi-free Hadamard state ω for A C ext (Z), such that ω 2 (f, f ′ ) = ω 2 (f, N f ′ ), f, f ′ ∈ C ∞ 0,C (R 4 ). Suppose also that the state ω is invariant under the natural action induced on it by the time translation t ξ of step ξ ∈ R. Since N commutes with t ξ , also the state ω must be invariant under time translations. Consider now the quasi-free KMS state ω T : A KG (R 4 ) → C at temperature T which is invariant under the action induced by t ξ . For every f, f ′ ∈ C ∞ 0 (R 4 ) the function ξ → ω 2 (t ξ f, g) is analytic in the strip ℑ(ξ) ∈ [0, β] where β = (k B T ) −1 is the inverse temperature and k B is the Boltzmann constant. Furthermore, the KMS condition holds, namely
We recall also that We shall check that, it is possible to apply the image method to this state by analyzing the behavior of W := ω T 2 − ω 0 2 and verifying that the hypotheses of Lemma 3.16 is satisfied and thus Proposition 3.15 holds. First of all, we notice that W is a Schwartz distribution, which has the desired symmetry properties (28). The spatial Fourier transform of its integral kernel has the following form W (x 0 , x ′0 ; k) = C 1 |k| cos(|k|(x 0 − x ′0 )) e β|k| − 1 .
It is a smooth function except when |k| = 0 and it decays rapidly for large |k|. From this observation conditions (i),(ii) and (iii) of Proposition 3.15 are met. It remains to prove the (iv). In order to check it we proceed analyzing
for a pair of compactly supported function f ⊥ , f ′ ⊥ ∈ D(R 3 ). Above, f ⊥ (t, k ⊥ ) is the spatial (two-dimensional) Fourier transform of f ⊥ (t, x 1 , x 2 ). Notice that there exists a positive constant C such that | W (t, t ′ ; k)| ≤ C/|k| 2 . Hence
where the supremum is taken in an interval I chosen in accordance to the supports of both f ⊥ and f ′ ⊥ . Since, f ⊥ and f ′ ⊥ are two Schwartz functions it holds that
for some positive set of constants C ′ (t, t ′ ) bounded in I 2 . The k−integral can be computed and it yields a function of ξ which is logarithmically divergent near 0, and hence, also requirement (iv) of Proposition 3.15 is met.
For completeness we check the applicability of the image method directly on the two-point function. We obtain 
where r 2 n . = (x 1 − x ′1 ) 2 + (x 2 − x ′2 ) 2 + (z − z ′ + 2nd) 2 while r 2 n . = (x 1 − x ′1 ) 2 + (x 2 − x ′2 ) 2 + (−z − z ′ + 2nd) 2 . Notice that, for every ǫ > 0 and for every x, y in Z we have the the sum is absolutely convergent. As a matter of facts, for large n, both r n and r n grow like 2nd hence, the asymptotic behavior of the n−th element of series is governed by 1 2πβr n − 1 2πβ r n = 1 2πβ r n − r n r n r n = 1 2πβ r 2 n − r 2 n r n r n (r n + r n ) and the right hand side of the previous expression is majored by C/n 2 hence it can be summed.
We conclude this section with a proposition which ensures that the image method preserves the thermal properties of states.
Proposition 3.18. The quasi-free state ω T : A C ext (Z) → C, whose two-point function ω T 2 is obtained applying the image method to the two-point function ω T 2 of the KMS state ω T as in (34) is a KMS state. The limit of ω T as T → 0 is a vacuum state.
Proof. In order to prove the proposition, we want now to show that ω T 2 (f, f ′ ) = ω T 2 (f, N f ′ ) for f, f ′ ∈ C ∞ 0 (Z), enjoys the KMS condition in A C ext (Z). To this end we recall that the KMS condition can alternatively be written as
where E is the causal propagator of the theory. Hence, let us analyze it for ω T ω T 2 (t iβ (f ),
where E Z is constructed in Definition 3.4 Since in the limit β → 0 we recover ω 0 2 we might safely say that ω 0 is the ground state of the Casimir system.
Notice that the very same conclusion could have been drawn using instead a more general argument following the analysis of [SV00] . It is noteworthy that the analysis of this section could have been performed for the Hadamard states of a massive real scalar field on the whole Minkowski spacetime. Yet, in such case, on account of the fall-off properties at infinity of the Poincaré vacuum, we would have obtained far better convergence results of the image method.
Wick ordering in a Casimir system
To conclude the section, as for a Casimir-Polder system we want to make contact with the standard results in the literature concerning the expectation value of the regularized two-point function and stress-energy tensor (see [SF02] ). To this avail we need first of all to define the extended algebra of Wick polynomials. The procedure is identical to the one discussed in Section 2.2 and, thus, we will not repeat it here. Recall that the main outcome of the analysis is the possibility to introduce an algebra of extended observables only on globally hyperbolic submanifolds O of Z. Furthermore, thereon, A C µ (O) is * -isomorphic to A KG µ (O). For the same reasons discussed in the Casimir-Polder case, however, the collection of extended algebras A C µ (O) cannot be glued together to make sense of an extension of A C ext (Z). Despite of this difficulty, we can locally make sense to observables like the stress tensor or the Wick square, and in particular, we have: with the integrals. In the last equality we have computed the sum by using for the first term the definition of the Riemann zeta function and in the second still [GR07, §1.445]. In order to compute the expectation value of the smeared Wick ordered time-diagonal component of the stress-energy tensor, we follow the same procedure as in the proof of Lemma 2.19, that is ω(: T µν : H (ζ)) =
is the same as in (17). Following the same procedure as for ω(: φ 2 : H (ζ)) the sought result descends.
